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INVARIANT POINTS OF CIRCULAR TRANSFORMATIONS 

Hans Ilavlicek 

Abstract. A geometric construction is given for the invariant points of opposite circular 
transformations of a real Möbius, Minkowski or Laguerre plane. 

1 . In troduc t ion 

There are three classical circle planes, viz. the real planes of Möbius, Min­
kowski or Laguerre. We consider them as the conformal closures of a euclidian, 
pseudo-euclidian or isotropic (galileian) plane, respectively. Cf. e.g. [1,§1, §2, §4]. 
For further literature on these circle planes and their generalizations we refer to 
[1], [4], [8], [12], [13]. A bijection of a circle plane which is circle preserving in 
both directions will be called a circular transformation [1, 97]; sec [1, §6] for major 
results on these transformations. 

The problem of finding geometric constructions for the invariant points of cir­
cular transformations has a long history. It has been dealt with by many authors, 
but usually attenation is paid exclusively to projectivities or, in other words, those 
transformatios which preserve cross ratios. Morever many authors restrict themsel­
ves to involutions. Cf. [3, 324], [5], [6], [7], [11, 75-77], [14], [15], [16], [19, 213], [20]. 

Only recently Hermann Schaal [9] made a contribution to this subject by esta­
blishing a construction for the invariant points of Möbius transformations which are 
not preserving cross ratios (antiprojectivities). It is based upon the decomposition 
of such a transformation into a product of inversions. 

However, the ideas used in [9] cannot be transferred to Minkowski and La­
guerre planes: On one hand in a Minkowski plane the subgroup generated by in­
versions is not the full group of circular transformations. This is a corrollary to 
the following well known facts: Let Ф be a ruled cpuadric within a 3-dimensional 
real projective space. Then Ф is a model for the Minkowski plane and inversions 
correspond to automorphic harmonic homologies of Ф. Any product of such homo­
logies preserves the two sides of Ф, but there are automorphic collineations of Ф 
which interchange the two sides of Ф. On the other hand elementary mid-points 
of a circles play a crucial role in [9], but circles in a Laguerre plane fail to have 
mid-points. 

In this paper we shall be concerned with opposite circular transformations; 
there are characterized by the property that cross ratios are subject to conjugation, 



i.e. the only K-automorphism of the underlying Ж-algebra (complex numbers, dou­
ble numbers or dual numbers, respectively) which has order two. A circular trans­
formation is opposite if, and only if, oriented measured angles are transformed by 
the factor —1. We develope a construction for the invariant points of opposite circu­
lar transformations which will work in either of the three classical circle planes thus 
emphasizing common properties of these geometries rather than particular ones. 

2. Invariant points 

Let £ be the conformal closure of an euclidian, pseudo-euclidian or isotropic 
affine plane £. Recall that the non-isotropic lines of £ extend to circles of £ passing 
through the ideal point oo. These circles again will be called lines. On the other 
hand isotropic lines of £ give rise to generators of £. 

Let <p : £ —> £ be an opposite circular transformation. If one ^-invariant point 
is known, the all other invariant points may be found in affine terms; cf. [9, 172] 
and the remarks made there. 

Now supose that every point X £ £ is parallel (i.e. identical or not cocircular) 
with its image Xv. 

If £ is a Möbius plane, then p = id, since parallel points always coincide. This 
contradicts tp being opposite. 

If £ is Minkowski plane, then the two families of generators are interchanged, 
whence p> = id, a contradiction. 

If £ is a Laguerre plane, then <p ф id is easily seen to be possible. Cf. e.g. 
the examples in [8], [17]. The following construction fails to work in this case1, 
but the invariant points of ip may be found as follows: The map ip induces a 
projectivity on the family generators of £, i.e. the isotropic lines of £ and the ideal 
generator through oo. The fixed elements of this projectivity can be constructed 
by intersecting a circle with a line; see e.g. [2, 63]. If fixed generators do exist, then 
invariant points on them can be constructed in affine terms, since generators are 
affine lines. 

Any opposite circular transformation is uniquely determined by its action on 
three non-parallel points А, В, С which will be chosen subject to the following 
restrictions: Assume that none of А, В, С is invariant and that A is not parallel 
to A^. Hence we may put В = Av. We shall make assumptions on С and Cv later 
on. Finally, we may suppose that В = oo. Otherwise £ has to be replaced by the 
affine plane £в consisting of all poinds of £ which are not parallel to B. So this last 
assumption is not really essential. 

Given non-isotropic lines k\, k-2 through A, then kf, kft are non-isotropic 
lines again and will pass through Bv. The following equation of oriented measured 
angles holds true: 

*(*i,*2,M) = -Wt,k*;B) = $(kf,k?;Bn. (1) 

xThe same situation arises for projectives of a Laguerre plane: The construction given in [14, 
257] cannot be applied when every point is parallel to its image point. 
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We denote by 8 the restriction of <p on the pencil of circles with fundamental points 
A and B. The set 

£aff — [X\X g i n k6, к is a non-isotropic line through A} \ {B} (2) 

is a subset of the affine plane £. In the projective closure £ of £ this 6 gives rise to 
a projectivity of the pencil of lines through A onto the pencil of lines through Bv 

and Ga.fi is contained in the set of points generated by this projectivity. The actual 
description of Guff will be done in the discussion below. 

Let F be a ^-invariant point. If F is parallel to B, then F is also parallel to A 
and B*, because both tp and its inverse tp~l preserve parallelism of points. Hence 
such an F does not exist, when either £ is a Möbius or Laguerre plane or £ is a 
Minkowski plane and А ф B^. If F is not parallel to В = oo, then F is not parallel 
to A and FAB is a non-isotropic line, whence 

F € Caff П (7^. 

Now we have to discuss several cases: 

Case 1.1. AWB^ and at least one line к and ist image k6 (cf. (2)) are not 
touching in B. In affine terms these two lines are not parallel. Then there is a 
uniquely determined circle I such that 

СаП = {Х Gl\XWB} = ln£. 

So the set of ^-invariant points, fix(y>) say, is a subset of GaK П G^n- The tangent 
line t of I in A is mapped under f to the circle ABBV, whence lv and ABB9 

are touching in B. Let С be chosen such that both С and C9 are off the circle 
ABB*. Write 5 for the affine point of intersection of lines ABC and BBVCV. 
Hence S 6 l\ {A, B]. Since ip is preserving real cross ratios (CR), we obtain 

СЩА, C, S, B) = CR(B, Cv, Sv, Bv) = CR(B9, Sv, C, B). 

The cross ratios at either poles of this equation may be interpreted as affine ratios 
in £, because В = oo. Finding Sv may be done according to figure 1. Then lv is 
the unique line touching ABB9 in В and passing through Sv. 

http://Ga.fi


If F Glnlf, then F e£ and 

{FY = ((ABF nl)\ {A}f = (ВВТ П F) \ {B} = {F}. 

So we obtain either two, one or no invariant points in this case. 

Case 1.2. A^BV and the circles k, ks in formula (2) are always touching in 
B. Here fix (<p) = 0. 

Case 2.1. А ф В4', A || B^ and at least one circle к and its image ks are not 
touching in B. Then £ is either a Minkowski or Laguerre plane. There is a uniquely 
determined generator g of £ such that 

G*n = {X e g\X W A, XtiB«} = gn£. 

In a Minkowski plane g Л gv is a single point F? and fix(y?) = {^1,^2} with F\ 
being the only point parellel to А, В and B4'. In a Laguerre plane <p induces a 
projectivity of order two on the set of generatores. If one point of g is fixed, then g 
is pointwise invariant by (1). Hence we just have to check if the common point of 
the circle ABC and g is ^-invariant or not. 

Case 2.2. А ф В4', A || Bv and k, k6 are always touching in B, i.e. in afflne 
terms these lines are always parallel. Then fix(<p) = 0, if £ is Möbius or Laguerre, 
and fix (y?) is given by the only point F that is parallel to А, В and Bv in a 
Minkowski plane. 

Case 3.1. A - Bv, 6 ф id. Then £aff - 0 and thus fix(yj) = 0 in a Möbius or 
Laguerre plane. If however £ is a Minkowski plane, then there are exactly two points 
Fi, Fi which are parallel to both В and B^ and these two points are ^-invariant, 
since В and Bv are interchanged. 

Case 3.2. A = Bv, S = id: Now £/aff = £ fails t o g i v e u s апУ information on 
fix(^>). The points A, C, Cv are on a common line к and <p restricted to к is an 
involution. Check the sign of the cross ratio 

ск(с,с*,А,в)£т\{о}. 
If this sign is + 1 , then the projectivity on к is hyperbolic and there are two 

invariant points Fi , Ą on к which can be found as usual (cf. e.g. [2, 63]). If £ is 
not Laguerre, then fix(y?) is given by the circle orthogonal to AF\F2 and passing 
through both Fi and F2. Actually tp is the inversion at that circle. In a Lagurre plane 
fix(yp) is the union of the two generators passing through Fi and F2, respectively. 
In [17] this transformation is called an inversion too. 

If the sign is —1, then the projectivity on к is elliptic. In a Mobius or Laguerre 
plane there are no invariant points. In a Minkowski plane there are two ^-invariant 
points Fi , Fi on the line through A which is orthogonal to ABC and fix(<£>), as 
before, is a circle2. 

2 Here we essentially use the euclidian ordering of Ж. 
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The construction given in case 1.1 is completely independent of the type of 
circle plane we work in. Unfortunately in the other cases this "common feature" is 
somehow covered up by the different types of parallelism relation on £. 
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Irivarijantne točke cirkularnih transformacija 

Hans Havlicek 

Sadržaj 

Diskutiraju se tri klasične realne ravnine kružnica (Möbiusova, Minkowskieva. i 
Laguerreova.) i njihove indirektne cirkularne transformacije, koje konjugiraju dvoo-
mjere i mijenjaju predznake kutova. Daju se geometrijske konstrukcije mvarijantnili 
točaka tih transformacija zajedničke za sva tri tipa ravnina. Međutim, postoje neki 
iznimni slučajevi zbog postojanja različitih paralelnih točaka u ravninama Minko-
wskog i Laguerrea i tada se daju alternativne konstrukcije. 

Prihvaćeno u II. razredu 
16. 11. 199S. 
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